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Introduction
The diversity and beauty of pollen grain surface patterns have intrigued scientists for 23 decades, yet no unifying theory has emerged to explain either the pattern formation mechanism 24 or the function of these surface features ( Fig. 1) 1 . So, a natural question is: how do pollen grains 25 create such diverse, microscale patterns when other cells typically do not? Has there been 26 evolutionary selection for symmetric patterns, or are these patterns the result of evolutionary drift 27 of a separate biochemical process? Geometrically similar patterns are found on fungal spores, 28 mite carapaces, and insect eggs, but these patterns are not nearly as diverse as those found on 29 pollen 2 . The multitude of pollen patterns observed in nature, along with a complex extracellular 30 composition, make understanding pollen development particularly difficult. Our objective is to 31 provide a unified conceptual framework for understanding the patterning process. 32 In mature pollen, the outermost layer of the extracellular material is highly patterned and 33 called the exine. The exine is a chemically and physically robust outer wall made of 34 sporopollenin, a complex, highly resistant chemical whose structure and composition are not 35 fully described 3 . Apart from the structure of the exine itself, pollen can be patterned with a 36 varying number and geometric arrangement of apertures, which are regions of the extracellular 37 material that have a reduced or absent exine and are the sites where the pollen tube emerges 38 during germination 4 . Apertures also allow the pollen grain to reversibly fold during desiccation 39 and rehydration 5 . 40 2 3
The general developmental steps that result in the observed variety of pollen surface 41 patterns are well-characterized 6 . The cell wall of the meiotic mother cell fails to completely 42 divide, leaving the resulting daughter pollen cells contained within a specialized structure called 43 the callose wall, and, as a result, they are isolated from the rest of the anther fluid. The callose 44 wall has an unusual composition of β-1,3 glucan, which provides an experimental strategy for its 45 selective degradation to access the developing pollen grains 7 . The developing pollen cells then the range of patterns we found at equilibrium patterns (polygonal spikes, polygonal holes, chiral stripes, and mixtures of these); the red box represents an example of non-equilibrium patterns that are mostly foamy (reticulate). The left image in each pair shows the SEM of a given species, the right image in each pair shows the simulated surface of the same geometry. The species represented and the Hamiltonian parameters (l 0 ,λ' 3 ) producing the matching simulated surface are listed. All SEM micrographs from paldat.org; all equilibrium simulations used (R 2 τ) ⁄ K=-1. First column: Alisma lanceolatum, (9.5,1); Caldesia parnassifolia, (5.5,-1); Echinodorus cordifolius, (4.5,1); Echinodorus quadricostatus, (7.5,1); Kallstroemia maxima, (16.5,-1); Diascia barberae, (12.5,0); Utricularia sandersonii, (13.5,0) . Second column: Iris bucharica, (6.5,1); Berberis vulgaris, (3.5,0); Sarcococca hookeriana, (9.5,1); Phyllanthus sp., (11.5,1); Ibicella lutea, (11.5,1); Sarracenia flava, (13.5,0) . Third column: Ipomoea cholulensis, (19.5,-1); Persicaria mitis, (19.5,-1); Cerastium tomentosum, (9.5,1); Bougainvillea sp. (17.5,-1); Galium wirtgenii, (8.5,0) ; Galium album, (13.5,0); Arnebia pulchra, (13.5,0) . Fourth column: Pfaffia gnaphaloides, (10,-1); Gomphrena globosa (15.5,-1); Pfaffia tuberosa, (12,-1); Amaranthus blitum, (12.5,1); Chenopodium album, (19.5,1); Primula veris, (8.5,0) ; Primula elatior, (12.5,0). Fifth column: (red box) Anthurium gracile, simulated with conserved dynamics [Eq. (7) with D=K=1,q 0 =1.5,τ=-20, λ 3 =-20, λ 4 =120, and a sphere radius of R=15, for dimensionless parameters l 0 =22.5,λ 3 '≈-27.4,(R 2 τ)⁄K=-4500. We used a Gaussian, random initial ψ(θ, ) centered around 0 with a variance of 0.04, and evolved the field until time t=2]; Phlox drummondii, (16.5,-1); Polemonium pauciflorum, (20.5,1) ; Gaillardia aristata, (10,1); Bidens pilosa, (14.5,1); Chondrilla juncea, (8,-1) ; and Iva xanthiifolia, (19.5,1). 4 secrete a polysaccharide material called the "primexine" to the cell surface; the primexine 47 accumulates between the cell's plasma membrane and the callose wall. The composition of the 48 primexine is not well-characterized but is likely to be a high molecular weight polysaccharide 8 . It 49 has been established that the global pattern features of the mature pollen wall (exine) are 50 somehow templated by the developing primexine layer during this enclosed "tetrad" stage 8, 9, 10 , 51 though the physical mechanism of this process remains undescribed. Following this global 52 templating by the primexine, the callose wall dissolves and sporopollenin is secreted by adjacent 53 tapetal cells and accumulates on the pollen cell surface, resulting in the patterned exine layer of 54 mature pollen ( Fig. 1 ). 55 Several studies suggest that pollen apertures may also be features dictated by the 56 primexine process, especially in multi-aperturate and spiraperturate pollen 11,12 . However, in 57 pollen grains that contain fewer than six apertures, the aperture pattern may be established by 58 points of cellular contact between daughter cells during meiosis 13 ; since apertures possibly 59 arising by this mechanism have a tetrad geometry of daughter cells, they are easy to identify, and 60 we excluded them from this analysis of pattern formation via a primexine template. It is clear 61 that there is no one unified cell developmental mechanism of aperture formation across plants 11 ; 62 therefore, we adopt the definition that apertures are simply thin regions of the exine material. 63 Here, we provide a physical explanation for the generation of the templated pattern by the 64 primexine material. 65 A physical theory for cell surface patterning via a first-order phase transition of material 66 deposited on the cell surface was recently reported by Lavrentovich and colleagues 14 . Here we 67 treat the primexine as a phase-separating concentration field on a spherical surface, which in turn 68 introduces heterogeneities (e.g., a locally varying pressure or preferred curvature) and a local 69 buckling of the plasma membrane. Such heterogeneities, when coupled to the elasticity of a 70 membrane, are known to create spatially modulated structures 15 . In pollen, a mechanical 71 coupling between the polysaccharide matrix and membrane may be promoted by the presence of 72 the outer callose wall that encapsulates extracellular polysaccharides near the cell membrane 73 during pattern formation. Initial pattern formation could then occur via a phase transition of the 74 polysaccharide to a spatially modulated state. The same kind of transition has been used to 75 describe the formation of viruses 16, 17 and two-component vesicles 18, 19 , which are also intricately 76 patterned spherical objects, and discretized versions of such patterned spherical objects have also 77 been computationally explored 20 . We employ a fully spectral method that allows for a systematic 78 characterization of pattern configurations. 79 In addition to the pollen pattern formation process being unknown, there has been no 80 unifying, satisfactory answer to what the functional role of these patterns might be, in spite of 81 many previous efforts. Some studies have found a correlation between pollinator types and 82 pollen grain surface features 21 . Other studies have found that there is a general trend of 83 increasing aperture number in angiosperms 22 . However, the findings of these studies often 84 conflict, and there is no current consensus as to which features of pollen patterns may be 85 evolutionarily selected for and why. 86 
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We show that the preponderance of extant pollen patterns can be explained through a 87 phase transition of the primexine coupled to the plasma membrane during cell development. We 88 also show novel experimental corroboration of a densification and pooling of primexine material 89 leading to membrane undulations at the wavelength of the mature pollen pattern in Passiflora 90 incarnata, a species whose exine is reticulate (foamy). This mechanism implies that evolutionary 91 pattern diversity is to be expected, given the general chemical composition and physical makeup 92 of the pollen grain during development and that the spherical surface of pollen grains must 93 accommodate spherical defects in the resulting pattern. Further, most of the ordered states 94 observed in evolved pollen pattern diversity can be recapitulated with a unique set of parameters 95 in our theory ( Fig. 1 ). Our theory is also able to account for patterns generated by this physical 96 mechanism that do not reach an energy minimum ( Fig. 1, red For scanning electron microscopy (SEM), we first separated the developing tetrads from 120 their anthers and then enzymatically removed the callose walls, as described by Kirkpatrick and 121 Owen 24 . The pollen grains from a single developing flower were placed in 1mL of 0.3% w/v 122 cellulase, pectolyase and cytohelicase, 1.5% sucrose, and 1% polyvinylpyrolidone for 2 hours 123 (Sigma-Aldrich; Milwaukee, MI). Next, the pollen grains were fixed in 3% gluteraldehyde in 1x 124 PBS for 1 hour. Samples were then washed in deionized water for 5 minutes and placed in 125 handmade Nitex bags (1 cm 2 ); the bags were then heat sealed. The bags with the pollen samples 126 6 were then submerged in 1x PBS for 5 minutes, followed by an ethanol dehydration series. 127 Samples were then critical-point dried in CO 2 in a Tousimi Autosamdri-850. The pollen grains 128 were removed from the bags, placed onto SEM stubs and sputter coated with a ~10 nm thick 129 layer of gold-palladium using an SPI Module Sputter Coater. We prepared pollen grains at the 130 same stage without enzymatically removing the callose walls as control for any unintended 131 effects of the removal procedure. Samples were imaged using a FEI Quanta FEG 250. Pollen grains at the tetrad stage were also collected to analyze their primexine composition. 135 We dissected pollen grains from anthers and enzymatically removed the callose walls using the Theoretical Model 144 We describe the formation of the pollen surface pattern as a phase separation of the 145 primexine mechanically coupled to the underlying plasma membrane. It should be noted that we 146 are not modeling any detailed material properties of the primexine, but we do assume that it is 147 able to phase separate, similar to mixtures of other high molecular weight extracellular 148 polysaccharides such as hemicellulose and pectin 26, 27 . This model is described in more detail in a 149 previous study where the effects of thermal fluctuations on patterned states were additionally 150 considered 14 . The present work focuses on a microscopic model without these fluctuation effects 151 to study the number, variety, and stability of ordered states (which is much more difficult to do 152 in the fluctuating case). We will include a brief description here for clarity. 153 Consider a scalar field, !, which represents the concentration field of the primexine 154 polysaccharides in contact with the outer surface of a pollen grain plasma membrane. We 155 postulate that the phase separation of this material drives the pattern formation of the pollen 156 surface. The general Landau-Ginzburg free energy for ! is given by
where ! ! and ! !,! are constants that depend on some undefined primexine chemical or material 158 properties. We assume that ! ! , ! ! > 0, and ! ! is a temperature-like term that is quenched below 159 some critical value during pattern formation. Because this field sits on a spherical surface, we 160 use spherical coordinates, ! = !(!, !) and our integration measure reads
where ! ∈ [0, !] and!! ∈ [0,2!) . We then expand !(!, !) in terms of spherical harmonics,
Finally, the expansion coefficients satisfy the property ! ! ! * = −1 ! ! ! !! because the scalar 164 field ! is real. 165 We now follow the infinite flat membrane analogue of our model studied by Leibler and 166 Andelman 15 . Non-patterned (uniform) states, ! = 0 modes, are preferred in Eq (1). However, 167 when we couple this field, !, to the local membrane curvature, we observe patterned states. The 168 ! ≠ 0 modes are more energetically favorable in the coupled system since the primexine 169 concentration on the surface causes the membrane to bend and fluctuate away from a spherical 170 shape. Details of the implementation of this coupling are described in the work done by 171 Lavrentovich and colleagues 14. The salient physical feature of coupling the primexine to the cell 172 membrane in this study is that a spatially modulated phase with a characteristic mode number 173 ! ! !arises, which approximately describes the number of times a given pattern wraps around the 174 sphere. It is related to the characteristic wavelength,!!, by ! ! ≈ 2!" !. The effective free energy 175 for the field near ! ≈ ! ! has the general form
where ! and ! are new constants that depend on the material properties of the primexine and (1) and involve couplings between different spherical harmonics:
where the Υs are Gaunt coefficients, with sums implied on all indices. Written in terms of the 182 Wigner-3j symbols 28 , the Gaunt coefficients are given by
Rapid evaluation algorithms are available for these symbols 29 that we will use for calculations of 185 the minimal energy states described below. 186 We choose our units of energy, concentration, and length to reduce the Hamiltonian to 187 the form
8 such that we are left with three dimensionless control parameters:
For notational simplicity, we also set
The ordered (patterned) states are then a linear combination of spherical harmonic basis 191 states described by Eq. (2), where ! ! ! s are the complex variables that specify the state. The 192 spherical harmonics account for the defects in the pattern induced by the spherical topology, as 193 specified by the Poincaré-Brouwer theorem 30 . We note that because we do not know the precise We also make some comments on 208 the more general case where we consider the dynamics of the pattern formation. 209 Since this free energy may potentially have many local minima for a single set of 210 parameters, we used SA to find the global minimum energy state. In this search algorithm, a 211 Metropolis criterion is used in which lower energy states in the phase space are always accepted, 212 while higher energy states are accepted with a Boltzmann probability distribution, ! ∝ ! !∆! ! , 213 given a temperature-like parameter !. The parameter ! was tuned to allow the system to escape 214 local minima. Initially, ! was chosen to be large enough to allow for an exploration of the whole 215 phase space; ! was then lowered with a particular annealing schedule such that the system 216 settled into its global minimum as ! became small 31 . 217 To find the appropriate annealing schedule and number of iterations per temperature 218 value, we ran SA enough times to find consistent minimum function values at a given set of 219 parameter values for ! 0 !and!!! ! ! . We found that an optimal annealing run started with ! = 1 and 220 an initial temperature step of Δ! = 0.1. Once we reached a temperature of ! = Δ!, we 221 decreased our step size Δ! by a factor of 10. We continued decreasing the temperature in these 222 incrementally smaller amounts until the observed pattern no longer changed appreciably with 223 further annealing. 224 We also used GD to ensure that the SA reliably located the global energy minimum for a 225 given parameter set and to test for the presence of local minima. GD is an algorithm that 226 minimizes functions by iteratively moving in the negative direction of the function's gradient 227 9 until a point with a gradient of zero is found. We were able to calculate the gradient analytically 228 for our model, giving us a substantial computational speed increase. 229 To confirm the stability of the global minima found via both SA and GD, we To study the dynamics of our model, we supposed that the total volume of the primexine 238 condensed and dilute phases are fixed. Therefore, we would generally expect to find a conserved 239 dynamics for our energy. Such a dynamics, consistent with the idea that the free energy is 240 minimized by a spatial modulation with a characteristic wave number ! ! ≡ 2!/!, is given by
where we have slightly modified the gradient term in order to more easily integrate the equation 242 of motion. This particular equation of motion is also called the phase-field crystal model 32 . We tractable dataset, we limited our morphological analysis to pollen monads, though our theory is 257 potentially general enough to describe any cells of spherical topology. 258 We restricted our analysis to patterns whose development is commensurate with the 259 underlying assumptions of our model; in order to include a species, we required positive 260 documentation that during the tetrad stage, a given species exhibits plasma membrane 261 undulations with the same wavelength as the mature surface pattern. These data were gathered in 262 a comprehensive review of pollen development literature (see supplemental references). We 263 excluded from our analysis any surface features that demonstrably arise after the dissolution of 264 the callose wall (for example, most echinate spines are derived from tapetal fatty acid 265 10 deposition) 36 . In these cases, we ignore the post-callose-wall features and analyze the pollen 266 grain as if it did not have them. 267 We first separated all relevant PalDat SEM images into one of two categories: final 268 pattern is an equilibrium state (i.e., the observed pattern corresponded to an energy minimum 269 from our theory) and final pattern is not at an equilibrium state (i.e., the observed pattern did not 270 correspond to an energy minimum calculated from our theory; instead it was either uniform or 271 foamy). We then measured pollen pattern wavelengths manually in ImageJ. states. We ignored apertures in a tetrahedral arrangement since these features plausibly result 284 from the geometry of meiosis rather than from the primexine 11 ; we analyzed these pollen grains 285 as though the apertures were absent. The observed states not at equilibrium were often foamy 286 (reticulate) with a range of wavelengths. The smallest wavelength category (λ<1 µm) includes 287 smooth-surfaced pollen. 288 We used a time-calibrated family-level phylogenetic tree of spermatophytes 37 identified 289 in the integrated Tree of Life (iToL) database 38 to estimate the evolutionary history of these 290 pollen pattern categories. We assigned states to the terminal nodes representing spermatophyte 291 families according to the pattern categories described above; the number of states present in a 292 single family ranged from one to the maximum of four. The Nexus file describing this tree and a 293 fully detailed tree figure are available in the supplemental data. 294 We used ancestral reconstruction, as implemented in BayesTraits 39 to study the character 295 evolution of patterned states. We used a maximum likelihood algorithm and the multistate 296 model of evolution 40 . We first tested the hypothesis that there is directional evolution either to or 297 from pollen patterns at equilibrium to those that are not at equilibrium. To do this, we defined 298 state A to be category (1), or "at equilibrium," and state B to be categories (2)-(4), or "not at 299 equilibrium". This model is called the "2-state equilibrium model". 300 We also tested whether there was directional selection for larger pattern wavelengths and 301 therefore more distinctly patterned, polygonal pollen over evolutionary time. For this test, we 302 defined three states (C, D, and E), one for each of the three wavelength categories described 303 above. State C included categories (1) and (2) 
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Microscopy 309 We divided the developmental trajectory of pollen in the tetrad state into six distinct 310 stages. In the first stage, after meiosis but before primexine secretion, the plasma membrane did 311 not undulate, there was little or no extracellular material present, and the cell surface was smooth 312 over length scales of about a micron (Fig. 2, col. 1 ). In the second stage, we observed the 313 primexine material appear on the cell surface (Fig. 2, col. 2, arrowhead) . This material was 314 initially uniform in electron density, and the plasma membrane underneath became more 315 irregular, apparently in response to the presence of the material on the cell surface, but there was 316 not a characteristic wavelength in the membrane; the SEM of this developmental stage shows the 317 appearance of a dough-like material on the surface of the cell (Fig. 2, col. 2 ). In the third stage, 318 the primexine began developing heterogeneities in electron density, and the corresponding SEM 319 showed clumping of the surface material into regions of ~0.5 m in width, but there was still no 320 characteristic wavelength in the membrane undulation (Fig. 2, col. 3 ). In the fourth stage, the 321 primexine heterogeneities became more pronounced and the plasma membrane began to 322 undulate with a characteristic wavelength; the SEM at this stage shows distinct domains of 323 separated primexine material on the cell surface with regions of positive curvature separating 324 these domains (Fig. 2, col. 4 ). (Fig. 2, col. 5, circled) . A dilute phase of primexine can also be 333 observed between the pools of the denser phase in an image of tetrad pollen with a broken 334 callose wall but no enzymatic digestion (Fig. 2, col Figure 3 . We found that these patterns could often be categorized 364 into one of three general symmetric types: regular and modified polyhedral spikes; their inverses 365 
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(duals), in which the spikes become holes; and chiral stripes ( Fig. 3) . Chiral stripes were only 366 observed when ! ! ! ! = 0 and ! 0 was a half integer value (consistent with observations by Sigrist 367 and Matthews) 41 . Chiral stripes have parity symmetry with two chiralities that are energetically 368 degenerate; this degeneracy may be broken by higher-order chiral terms as shown by 369 Dharmavaram and colleagues, thereby biasing a single chirality 17 . These higher-order terms may 370 also plausibly generate the more straight stripes observed in the pollen grains. When this 371 categorization of simple polyhedra or chiral stripes did not apply, the pattern typically 372 represented a mixture of two simpler polyhedral types and/or chiral stripes. Note that for ! = ! ! 373 states with odd ! ! , the Gaunt coefficient in front of ! ! ! vanishes, so the pattern has no ! ! ! 374 dependence in that case. For even values of ! ! , the sign of ! ! ! determined whether the pattern 375 consisted of spikes or holes. At ! ! ! = 0, the spike and hole patterns are degenerate due to the 376 ! → −! symmetry in the energy. We found that in some regions, the phase space had 377 boundaries across which discontinuous pattern changes were observed (solid lines in Fig. 3 ). In 378 other regions, patterns gradually changed with systematic tuning of parameters ( Fig. 3) . We note 379 that we were interested in the broad features of the phase diagram, not the specific characteristics spikes, or points where the stripes collide or end); the many possibilities for accommodating 390 defects yield more possibilities for producing minima in the free energy, as observed in the 391 complexity we find in our phase diagram. 392 In studying the dynamics of our model, we found that conserved dynamics indeed yield 393 foamy structures at finite times, as expected from the flat 2d geometry case 34 (Fig. 1, red box) . 394 These structures are not identical when different initial conditions are used, so we would 395 generally expect a range of disordered structures in pollen grains of a given non-equilibrating 396 species. We corroborate this prediction with a field of pollen from a single species (Passiflora 397 incarnata), which demonstrates that different foamy pollen grains of the same species are 398 slightly different, with a distribution of similar wavelengths comprising the overall reticulate 399 pattern (Fig. 2, col. 5 ). 400 14 Evolutionary Trait Reconstruction 401 We matched patterns generated by our theory to those observed in a pollen database; 402 when we restricted our analysis to monads with documented membrane undulation during 403 development, our dataset represented ~45% of the 453 described families in Sporophyta. This is 404 a minimum set of families potentially described by our theory, since not all families have 405 described pollen and our theory also likely applies to non-monad pollen. This analysis showed 406 that only 27 of 202 included families contain species whose pollen patterns are consistent with 407 an equilibrium state (Fig. 4) . Only seven of those 27 families contain species with pollen patterns 408 solely in equilibrium states. The remaining 175 families consist of species exhibiting only non-409 equilibrated patterns. We found that equilibrium patterns are present throughout angiosperms, ecophysiological functions, evolution would select for patterns that reach equilibrium during 434 development, since this is presumably a more developmentally predictable and replicable state. 435 We tested this hypothesis using two models of ancestral state reconstruction: a 2-state 436 equilibrium model and a 3-state wavelength model. In the 2-state equilibrium model, we binned 437 our four identified pattern categories of wavelength and equilibrium (see methods) into two 438 evolutionary states, A and B, such that state A is all patterns at equilibrium and state B is all 439 patterns not at equilibrium (Fig. 4, bottom panel) . The log-likelihood ratio of the 2-state 440 equilibrium model compared to the null model (where both rates are equal) was 5.21, so with one 441 degree of freedom, the p-value was between 0.01 and 0.05 ( Table 2 ). We therefore reject the null 442 model and find that the rate of evolutionary transition from equilibrium to non-equilibrium 443 patterns is ~20-fold greater than the reverse rate ( Table 1 , qAB=94.0, qBA = 4.48). We also 444 found that the state at the root of spermatophytes had equal probability of being at equilibrium or 445 non-equilibrium. 446 We then tested the 3-state wavelength model by re-sorting categories (1) (Table 1 , qDE=qCE=qCD). The likelihood ratio between these two models resulted in a p-value 456 between 0.99 and 0.95, such that there was no significant difference between them. It is 457 therefore likely to be the case that pollen evolves more rapidly from equilibrated polygonal 458 patterns to finely reticulated or bumpy patterns than the reverse, and that any more complicated 459 model of pattern type evolution will be over fit. In other words, evolution seems to favor pollen 460 that never reaches equilibrated patterns, and similarly, foamy (reticulate) or unpatterned pollen 461 seems favored over the more interesting-to-humans pollen with well-defined polygonal patterns. . Additionally, we observed that the denser phase correlates to the plasma membrane 471 undulations (with discrete patches of dense material sitting inside the dips in the membrane). 472 18 Therefore, our data suggest that the more dense primexine regions cause the plasma membrane 473 to curve away from its initially featureless, spherical shape. The final pollen exine pattern is then 474 negatively templated by the pooled dense primexine and correlated membrane curvature. 475 A previous study of Brassica campestris pollen, another reticulate species, also demonstrated 476 the same deposition of primexine on the plasma membrane surface 44 followed by plasma 477 membrane undulations correlated to a dense primexine phase. In addition to the many reticulate 478 species whose patterns seem to be templated by plasma membrane undulations, species with 479 other surface patterns such as the polygonal holes of Ipomoea purpureae 45 or the polygonal 480 spikes of Farfugium japonicum 46 also exhibit early membrane undulations at the same 481 wavelength as the mature pattern features. However, primexine was not preserved in these 482 studies 23 . 483 Although we were unable to determine the exact chemical composition of the primexine, the 484 constituent monosaccharides and their linkages are consistent with a mixture of cellulose, pectin-485 and hemicellulose-like polysaccharides. Mixtures of different polysaccharides tend to phase 486 separate unless a cross-linker actively prevents them from demixing 26 , such that phase separation 487 of primexine material on the surface of a developing pollen cell is perhaps not surprising. 488 Our theory shows that this phase separation of a material on the surface of a spherical cell, 489 when coupled to membrane elasticity (i.e., membrane buckling), yields an effective free energy 490 that exhibits spatially modulated phases. This effective free energy, using both single-mode and 491 two-mode approximations, produced equilibrium states corresponding to a variety of spikes, 492 holes, and chiral stripes on the surface of a sphere. These equilibrium patterns generated by our 493 theory also correspond to about ten percent of the pollen patterns documented in PalDat. We 494 expect that other highly ordered, patterned pollen may also fit our model when we include more 495 modes. 496 The more disorganized patterns observed in ~90% of analyzed species may be explained 497 by the dynamics of the process encoded by our model. Indeed, if we arrest the dynamics after 498 some short time (before equilibrium can occur), we find states that resemble the foamy, more 499 disordered pollen structures. In the planar case, some of these foamy structures may even be 500 relatively stable, as discussed in more detail by Guttenberg and colleagues 34 composition could fundamentally alter the mature pollen pattern, leading to the relatively large 515 shifts in pollen patterns in short periods of time that have demonstrably occurred in evolution. 516 Although we did not detect an elevated rate of appearance of equilibrium patterns, the tree is 517 consistent with many instances of equilibrium pollen patterns arising from evidently non-518 equilibrium patterns of recent ancestors. For example, the families Asteraceae, Sarraceniaceae, 519 and Cactaceae all exhibit equilibrated patterns that are nested in clades in which the other 520 families exhibit only non-equilibrated patterns. Another possible explanation for the prevalence 521 of the disordered states is that primexine phase separation is typically arrested by sporopollenin 522 deposition before it can bring the pollen grain into an equilibrium pattern. In addition, cross-523 linkers such as calcium ions are often found in plant cell walls, the presence of which might also 524 contribute to the formation of the more disordered patterns by arresting the underlying separation 525 dynamics. 526 After classifying extant pollen patterns as either equilibrium states versus kinetically 527 arrested or generally disordered patterns, both of which are predicted by the physical mechanism 528 proposed here, we conclude from an evolutionary analysis that the highly ordered patterns for 529 which pollen are famous have not arisen under strong selection. In fact, our results are more There is much room for future work. Our theory, and its apparent reification in pollen 537 development, describe a novel and robust mechanism for repeatedly patterning surfaces at both 538 micron and nanometer scales. Therefore, it would be of basic interest to materials science to 539 understand how to program the general parameters of our theory in polymer chemistry. By fully 540 characterizing the primexine material, it would be possible to study its phase properties and their 541 contribution to the pattern-governing parameters in our model. Finally, in contrast to the 542 currently employed pollen descriptive scheme of overlapping categories of unit, polarity, 543 aperture, ornamentation, and wall structure, nearly all unique pollen patterns can be fully 544 recapitulated by a unique set of parameters in our Hamiltonian (eq. 6). It may be useful in the 545 future to describe pollen species by these unique energetic parameters; this scheme also has the 546 advantage that these energetic parameters will ultimately map to the biochemistry and timing of 547 pollen development. 
